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We study a quantum state transfer between spins interacting with an arbitrary network of spins
coupled by uniform XX interactions. It is shown that in such a system under fairly general conditions,
we can expect a nearly perfect transfer of states. Then we analyze a generalization of this model to
the case of many network users, where the sender can choose which party he wants to communicate
with by appropriately tuning his local magnetic field. We also remark that a similar idea can be
used to create an entanglement between several spins coupled to the network.
PACS numbers: 03.67.Hk, 03.67.Pp, 05.50.+q
I. INTRODUCTION
The fact that certain spin systems can be used for
transferring quantum states from a ‘source’ to a ‘des-
tination’ spin have been recently observed and studied
by a number of authors (see [1]–[23]). It has been shown
that a perfect transfer of an arbitrary qubit is possible in
spin chains [3]–[9] and some other cases [10]–[17]. As ob-
served by Bose et al. [1], such a system can also be used
for creating an entanglement between the source and des-
tination spins. In this note we develop ideas presented
in [6] and prove that one can get a high fidelity transfer
between two spins weakly coupled to an arbitrary con-
nected network provided only that they are placed in a
local magnetic field we can control. We also propose a
generalization of this scheme and show that a spin net-
work can be used for communication with many destina-
tion spins, if a source spin tunes his local magnetic field
to the ’frequency’ of an appropriate receiver.
The structure of the note goes as follows. First we
describe a model of Weakly Coupled Spins (WCS) and
compute the effective Hamiltonian of such systems. Then
we use our approach to study communication between
spins coupled to a spin chain, a cycle, and, finally, to
an arbitrary spin network. In the next section of the
paper we introduce a multi-WCS communication proto-
col. In this model a source spin selects an appropriate
‘communication frequency’ using which it can effectively
communicate with another user of the network. Finally,
we use this scheme to create entangled states between
network users. In particular, we discuss how to get an
almost perfect Bell state for two spins and generalizedW
states in the case of several network users.
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II. WCS MODEL
Let us consider two spins coupled to a network G of N
spins. We write the Hamiltonian of a network G as
HG =
∑
(i,j)
(
σxi σ
x
j + σ
y
i σ
y
j
)
,
where we sum over all network edges (i, j). A ‘source’
spin s is coupled to a spin ns from G, and a ‘destination’
spin d is coupled to a nd from G. The strength of these
couplings we denote by εξs, εξd, respectively, where we
assume that ξs, ξd are constants independent of N but
ε decreases with N . Moreover, spins s and d are placed
in local magnetic fields ωs and ωd, respectively. Then,
the Hamiltonian of the whole system can be written as
H = HG +Hsd, where HG given above while
Hsd = εξs(σ
x
sσ
x
ns + σ
y
sσ
y
ns) + εξd(σ
x
dσ
x
nd + σ
y
dσ
y
nd)
+ ωsσ
z
s + ωdσ
z
d.
Note that H conserves the total number of excitations.
We shall be mostly interested in the case when there is
only one excitation in the system. Then, the system re-
mains in the Hilbert space spanned by vectors |n〉, where
n denotes the position of the excitation and takes values
either s, d, or 1, 2, . . . , N . Observe that the Hamiltonian
written in this basis is similar to the network adjacency
matrix.
Let {λ} and {|λ〉} be the sets of the eigenvalues and
the eigenvectors of HG, respectively. Then H = H0+ V ,
where
H0 = ωs|s〉〈s|+ ωd|d〉〈d| +
∑
λ
λ|λ〉〈λ|,
V = ε
∑
λ
(ξsgsλ|s〉〈λ| + ξdgdλ|d〉〈λ|+ h.c.) ,
and
gsλ = 〈s|Hsd|λ〉/(εξs), gdλ = 〈d|Hsd|λ〉/(εξd) .
Now, let us consider two cases. In the ‘resonant’ case
we have ωs = ωd = λ
′, where λ′ is one of the non-
degenerated eigenvalues of G. Then all terms of the
2Hamiltonian H corresponding to λ 6= λ′ are of the lower
order, and the evolution of the system takes place es-
sentially in the space L spanned by vectors |s〉, |d〉, |λ′〉.
The projection of the Hamiltonian onto L in the basis
{|s〉, |d〉, |λ′〉} can be written as
Hsλ
′d
eff ≈


λ′ εξsgsλ′ 0
εξ∗sg
∗
sλ′ λ
′ εξdgdλ′
0 εξ∗dg
∗
dλ′ λ
′

 .
In order to obtain an effective Hamiltonian for the
‘non-resonant’ case, where ωs 6= λ and ωs 6= λ for all
λ, i.e., when the local magnetic fields of the source and
the destination spins are not ‘tuned’ to any ‘natural fre-
quency’ of the network, we follow the approach presented
in [24]. Define a hermitian operator S as
S = ε
∑
λ
(ξsssλ|s〉〈λ| + ξdsdλ|d〉〈λ| + h.c.) ,
and set H ′ = eiSHe−iS . Note that
H ′eiS |λ〉 = eiSHe−iSeiS |λ〉 = λeiS |λ〉.
Then, expanding eiS and e−iS into power series, we get
H ′ = H0 + V + i[S,H0] + i[S, V ] +
i2
2!
[S, [S,H0]] + . . . .
Let us choose ssλ and sdλ so that the terms of the first
order in ε vanish, i.e.,
V + i[S,H0] = 0.
For such a condition the Hamiltonian H ′ becomes
H ′′ = H0 + i[S, V ] +
i2
2!
[S, [S,H0]] +O(ε
3).
Thus, the projection of H ′′ onto the space generated by
{|s〉, |d〉} can be written
Hsdeff ≈
(
ωs − ε2|ξs|2
∑
λ
|gsλ|2
λ− ωs
)
|s〉〈s|
− ε2ξsξ∗d
(∑
λ
gsλg
∗
dλ
λ− ωs +
∑
λ
gsλg
∗
dλ
λ− ωd
)
|s〉〈d|
− ε2ξ∗s ξd
(∑
λ
g∗sλgdλ
λ− ωs +
∑
λ
g∗sλgdλ
λ− ωd
)
|d〉〈s|
+
(
ωd − ε2|ξd|2
∑
λ
|gdλ|2
λ− ωd
)
|d〉〈d| .
Using the above formulae for Hsλ
′d
eff and H
sd
eff it is not
hard to find sufficient conditions under which the state
transfer from s to d occurs. In the resonant case, one
ought to choose all the off-diagonal case to be of the
same absolute value βε. Then, the time of the transfer
is, roughly, pi√
2βε
. For the non-resonant case, in order to
have a nearly perfect transfer between s and d, one should
make all the diagonal terms of Hsdeff equal, and ensure
that the off-diagonal terms do not vanish. Moreover, if
the absolute value of the off-diagonal term is β′ε2, then
the transfer occurs in time T ∼ pi2β′ε2 .
Finally, we remark that if we apply the same approach
to the case when both ωd and ωs are close to a de-
generated eigenvalue, we obtain an effective Hamiltonian
whose projection H˜eff is greater than 3 × 3. Thus, typi-
cally, no selection of ξs and ξd can reduce H˜eff to a form
which guarantees a perfect transfer. Thus, in general,
we cannot hope to get a perfect transfer by tuning to a
degenerate eigenvalue of HG.
III. SPIN NETWORKS
In the paper [6] we considered a WCS model for spin
chains consisting of N spins, where the source and the
destination spins s, d, were coupled to the ends of the
chain, and ωs = ωd = 0. We showed that such a system
admit a high-fidelity transfer of quantum states but the
precise description of this phenomenon depends heavily
on the parity of N . The reason for that is clear when we
compute the effective Hamiltonian for such a system: the
case of even N is non-resonant, while for N odd, when
zero is an eigenvalue of the chain, a resonant transmission
occurs.
Now let us consider more general case in which s and
d are coupled to arbitrary spins of the chain. The eigen-
vectors and the eigenvalues of the chain are given by
|λk〉 =
√
2
N + 1
N∑
n=1
sin
(
pikn
N + 1
)
|n〉,
and
λk = 2 cos
(
pik
N + 1
)
,
respectively, where N is the chain length and k =
1, 2, . . . , N . If s and d are coupled to the nsth and ndth
spin in the chain, respectively, then
gαλ(nα) =
√
2
N + 1
sin
(
piknα
N + 1
)
,
for α = s, d.
In the ‘symmetric case’, in which nd = N + 1 − ns
and ξs = ξd = ξ, we have gsλ(ns) = gdλ(N + 1 − ns)
and, as long as ωs = ωd, both the resonant and non-
resonant cases give perfect transfer with transfer times
of the orders εξ√
N
and ε2ξ2, respectively.
The asymmetric case, when nd 6= N+1−ns needs a bit
more attention. If we put ξs = ξd, then gsλ(ns) 6= gdλ(nd)
and the transfer occurs with probability bounded from
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FIG. 1: The probability of the excitation of the destination
spin d as a function of time. In this case N = 30, ns = 2, and
nd = 13. Moreover, we have ωs = ωd = λ5, so the transfer
is resonant. The dashed line corresponds to the case εξs =
εξd = 0.01, the solid one to the case εξs = 0.01, ξsgsλ(2) =
ξdgdλ(13).
above by a constant smaller than one. However, the
transfer can be made perfect by switching to a reso-
nant case. In order to do that one needs to select
the coupling constants ξs and ξd in such a way that
ξsgsλ(ns) = ξdgdλ(nd), so the condition for a perfect
transfer is satisfied (see Fig. 1).
Another example of communicating through a simple
spin network is to attach two spins toN -cycle. The eigen-
vectors and eigenvalues for an N -cycle are
|λk〉 =
√
1
N
N∑
n=1
e2piikn/N |n〉,
and
λk = 2 cos
(
2pik
N
)
,
respectively. For a ‘resonant communication’ through
N -cycle we have only either one or two possible non-
degenerated eigenvectors to choose from, namely |λN 〉 for
an odd N , and |λN/2〉 and |λN 〉 for an even N . Moreover,
one can check that in this case coupling to a degenerated
eigenvector cannot lead to a resonant transfer which is
nearly perfect. This observation is analogous to a result
of Christandl et al. [3] which states that the perfect trans-
fer in the chain with equal couplings is possible only for
N = 2 and N = 3.
Finally, let us consider a general network G with the
source spin s and the destination spin d attached to the
nodes ns and nd, respectively. A possible transfer of
quantum states between s and d depends on the eigen-
vectors {|λ〉} of G. Note that each localized state of the
network |n〉 is a superposition of eigenvectors {|λ〉}. In
particular, s and d cannot communicate unless there ex-
ists at least one eigenvector |λ′〉 that gives non-zero scalar
product with both |ns〉 and |nd〉; such an eigenvector can
be viewed as a communication channel. Note however,
that for every connected network in which all coupling
constants are reals, such a vector exists. Indeed, if λ′
is the largest eigenvalue of G then, by Perron-Frobenius
theorem, |λ′〉 is a vector which corresponds to a station-
ary distribution of a particle in a classical random walk
on G and so, for connected G, we have 〈n|λ′〉 > 0, for
n = 1, 2, . . . , N . Observe also that for a connected G
the largest eigenvalue λ′ is always non-degenerate, so we
can achieve a near perfect transfer setting ωs = ωd = λ
′,
and choosing ξs and ξd so that ξsgsλ′ = ξdgdλ′ . We re-
mark however that for some networks it is not possible to
achieve a nearly perfect transfer in a non-resonant way,
because for any choice of ξ’s and ω’s either the diagonal
terms of the 2× 2 projection of the effective Hamiltonian
are not equal, or the off-diagonal terms vanish.
IV. MULTIUSER QUANTUM NETWORK
Let us recall that in order to have a nearly perfect
transfer between s and d we should put ωs = ωd; it is
also not hard to check that the fidelity of transfer drops
down rapidly when the difference |ωs − ωd| grows. This
observation suggests the following multiuser generaliza-
tion of our communication protocol. Assume that spins
d1, d2, . . . are coupled to some spins of a spin network G
and placed in local magnetic fields ωd1 , ωd2 , . . . , respec-
tively. Then another spin s, coupled to a spin from G
as well, can communicate with any spin dk by making
its own magnetic field ωs equal to ωdk , and calibrating
appropriately the coupling strength ξs. To guarantee a
high fidelity of the state transfer from s to dk we should
ensure that the distance between ωs = ωdk and the other
frequencies ωdi , i 6= k, as well as between ωs and the
eigenvalues λ of G (except, perhaps one of them, when
in the resonant case we have λ′ = ωs) is large enough.
On the other hand, a large magnetic field ωk slows down
the transfer from s to dk. Thus, choosing frequencies
ω1, ω2, . . . , we should keep in mind both the fidelity of the
transfer (which decreases with the distance between ωi
and the closest eigenvalue) and the time of the transmis-
sion (which may increase considerably when ωi is large,
say, much larger than the largest eigenvalue of the net-
work).
We remark that if in such a protocol another user sets
his frequency to the communication frequency, the infor-
mation will get entangled between him and the intended
receiver. An example of such a disturbance in a system
of three spins coupled to a 21-cycle is presented on Fig. 2.
V. ENTANGLEMENT GENERATION
The WCS system can be also used for generation of
a perfect entanglement. Let us consider first a non-
resonant communication between two users. After the
time equal to a half of the transfer time, the state of the
system is 1√
2
(|s〉 + eiφ|d〉), where φ is some angle which
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FIG. 2: The probability of the state transfer for an 21-cycle.
Three spins s, u, and d, are coupled to the 3rd, the 10th,
and the 18th spins of the cycle, respectively. The coupling
strength is εξ = 0.1, and ωs = ωd = −0.9. The dashed curve
represents the population of u, the solid one that of d. The top
figure corresponds to the case when ωu = −0.85, the middle
one to ωu = −0.87 and the bottom one to ωu = −0.89
can be easily computed. This state can be also written
in the form
1√
2

| 10︸︷︷︸
sd
network︷ ︸︸ ︷
0 . . . 0 〉+ eiφ| 01︸︷︷︸
sd
network︷ ︸︸ ︷
0 . . . 0 〉

 =
=
1√
2
(|01〉+ eiφ|10〉)
sd
|0 . . . 0〉network,
which clearly corresponds to a maximum entanglement
between s and d.
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FIG. 3: The probability of the excitation of three spins cou-
pled to a 21-cycle: s1 coupled to the 3rd, s2 to the 12th, and
s3 to the 15th spins of the cycle. The dashed line represents
the excitation of s1, the solid one that of s2 and s3. Here
we set ωs1 = ωs2 = ωs3 = −0.9; the coupling strength is
εξ = 0.1. The W state is obtained at times when two lines
meet.
In order to obtain W state one has to consider three
spins and a non-resonant effective Hamiltonian of the
form
Hmultieff ≈


γ α eiϕα
α∗ γ β
e−iϕα∗ β∗ γ

 .
Let us set the initial conditions as |Ψ(0)〉 = |s1〉. After an
easily computable time, the state of the system becomes
a W state 1√
3
(|s1〉+ eiφ|s2〉+ eiθ|s3〉), for some φ and θ
(cf. Fig. 3).
We can also use a resonant transfer to get an entan-
glement for m ≥ 2 users. To this end we apply the fol-
lowing procedure. First, one user s1 in an initial state
|Ψ(0)〉 = |s1〉 couples to a non-degenerated eigenvalue
λ′ of the network and waits until the system evolves into
|λ′〉. This evolution is described by the following effective
Hamiltonian
H1eff = λ
′|λ′〉〈λ′|+ λ′|s1〉〈s1|+ (εξ1gs1λ′ |s1〉〈λ′|+ h.c.) .
Then all m users couple to excited |λ′〉 state via the ef-
fective Hamiltonian
H2eff =λ
′|λ′〉〈λ′|+
∑
i
λ′|si〉〈si|
+
(
ε
M∑
i
ξigsiλ′ |si〉〈λ′|+ h.c.
)
,
where ξigsiλ′ = ξjgsjλ′ for all pairs {i, j}, and wait until
the system evolves to the state
1√
M
M∑
j=1
eiϕj |sj〉.
5Note, that this method is similar to the dynamics of the
spin star network presented in [23]. Observe also that
one can get rid of all relative phases by local one qubit
operations.
VI. SUMMARY
In the paper we generalized a number of earlier results
on quantum information transmission between a source
spin and a destination spin using a simple spin network.
We show that a near-perfect state transfer between two
spins is possible through a large class of networks, pro-
vided that we can control local magnetic field in which
the source and the destination spins are embedded. We
also point out that a source spin can choose the destina-
tion spin from a number of ‘users’ of the network by an
appropriate ‘tuning’, i.e., by carefully selecting its local
magnetic field. The very same mechanism can be used
to generate a multispin entanglement state.
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